Two radially propagating surface wave modes, "symmetric," in which the upper and lower axial sheath fields (E z ) are aligned, and "anti-symmetric," in which they are opposed, can exist in capacitively coupled plasma (CCP) discharges. For a symmetric (equal electrode areas) CCP driven symmetrically, we expected to observe only the symmetric mode. Instead, we find that when the applied rf frequency f is above or near an anti-symmetric spatial resonance, both modes can exist in combination and lead to unexpected non-symmetric equilibria. We use a fast 2D axisymmetric fluid-analytical code to study a symmetric CCP reactor at low pressure (7.5 mTorr argon) and low density ($3 Â 10 15 m
I. INTRODUCTION
High frequency, low pressure, axisymmetric capacitively coupled plasma (CCP) reactors are widely used in the semiconductor processing industry but can exhibit electromagnetic (EM) effects which limit processing uniformity. [1] [2] [3] [4] [5] Lower pressures reduce collisions, leading to an improved ion anisotropy at the wafer target. Higher frequencies result in decreasing the sheath widths and voltages, leading to a decrease in the ion bombarding energy, which may be desirable for processing integrated circuits with smaller dimensions. Numerical simulations which solve Maxwell's equations in the frequency domain self-consistently with the plasma transport in two dimensions have been used to study EM effects in high frequency discharges. [6] [7] [8] [9] [10] [11] Results have also been obtained from more sophisticated simulations which solve Maxwell's equations in the time-domain and capture non-linear effects. [12] [13] [14] [15] [16] The main conclusion is that at higher frequencies and/or larger areas, the wavelengths of the EM surface waves in the plasma can become shorter than the reactor radius, leading to standing wave effects and consequent plasma non-uniformities. For intermediate frequencies, above the typical drive frequency of 13.56 MHz but well below the first spatial resonances of the waves, nonlinearly generated harmonics can also become resonant or near-resonant. 10, [17] [18] [19] [20] The electrode/plasma/electrode sandwich structure of a symmetric (equal electrode areas) cylindrical discharge forms a three electrode system in which both z-symmetric and z-anti-symmetric radially propagating wave modes exist. 5, 9, [21] [22] [23] [24] [25] [26] [27] [28] The upper and lower axial sheath fields (E z ) are aligned for the symmetric mode, while they are opposed for the anti-symmetric mode. In Ref. 9 , a linear analytic EM model was used to study the modes of a non-symmetric cylindrical CCP reactor with uniform electron density n and unequal uniform sheath widths s b and s t at the bottom and top electrodes, respectively. The radial wavenumbers of the symmetric and anti-symmetric modes were found to be
and
respectively, with c being the speed of light, x being the applied radian frequency, L being the discharge width, D being the bulk plasma width, x p ¼ ðne 2 =ð 0 mÞÞ 1=2 being the electron plasma frequency, e being the elementary charge, 0 being the free space permittivity, and m being the electron mass. At higher frequencies and lower sheath widths, both k s and k a are larger, i.e., the corresponding wavelengths k s ¼ 2p=k s and k a ¼ 2p=k a are smaller, increasing wave effects. The first symmetric mode spatial resonance occurs at k s R ¼ v 01 with R being the discharge radius and v 01 ¼ 2.405 being the first zero of the zeroth order Bessel function, while the first anti-symmetric mode spatial resonance occurs at k a R ¼ v 11 with v 11 % 3:832 a) kawamura@eecs.berkeley.edu being the first zero of the first order Bessel function. Thus, the first resonance frequencies for the symmetric and antisymmetric modes are given by
and f a % x p v 11 2pR
respectively. Since f a / x p , f a can be much smaller than f s at low electron density.
Since typical CCP reactors used in industry are nonsymmetric with the powered wafer electrode significantly smaller than the grounded electrode, most recent works have studied non-symmetric discharges. Here, we use a fast 2D axisymmetric fluid-analytical code 8, 29 to study a low pressure, low density symmetric parallel-plate argon discharge with parameters similar to a recent experiment. 30 As in our simulations, the experiment observed standing wave effects, leading to center-high plasma non-uniformities. However, symmetry breaking could not be explored in this experiment, as its reactor geometry had significant asymmetry. We examine the discharge at a low pressure of 7.5 mTorr to avoid wave damping phenomena due to collisions. The discharge is driven at low powers by a single high frequency source in the range of f ¼ 55-100 MHz, keeping the average electron density n % 3 Â 10 15 m
À3
. At this low density, f a ( f s , and the above frequency range encompasses the first antisymmetric mode resonance frequency f a , but is far below the first symmetric mode resonance frequency f s . At lower f significantly below f a , the symmetric discharge is in a stable symmetric equilibrium, as expected. However, driving the discharge at higher f, near or above f a , can lead to unexpected non-symmetric equilibria even for symmetrically driven systems. Reference 6 showed 2D fluid simulation results of a symmetric CCP reactor operated at low pressure (2 mTorr) and high frequency (80 MHz). However, nonsymmetric equilibria were not observed in that reactor since it was operated at a much higher power (900 W) and density ($1 Â 10 17 m
), so that f a ( f s was not satisfied. Due to our much lower operating power and density, we did not observe the "skin effect" described in this reference. Also, this and other references describe the electron heating due to the axial (E z ) and radial (E r ) fields as "capacitive" and "inductive," respectively. This paper is organized as follows: in Sec. II A, we briefly describe the self-consistent 2D axisymmetric fluidanalytical simulation of a symmetric parallel-plate CCP reactor. In Sec. II B, we present and discuss the simulation results in the range f ¼ 55-100 MHz, which includes f a but is well below f s . In Sec. III A, we develop a lumped circuit model of the symmetric CCP, and in Sec. III B we compare the model results with the fluid simulations. In Sec. III C, we simplify the circuit model in order to analyze the stability of the symmetric equilibria. Conclusions are given in Sec. IV.
II. SYMMETRIC CCP DISCHARGE SIMULATIONS

A. 2D fluid-analytical simulation description
The fast 2D fluid-analytical CCP simulation has been described in detail previously, 8, 29 so we only give a brief summary below. The simulation was developed using the finite elements tool COMSOL in the Matlab numerical computing environment. The CCP configuration for the symmetric discharge studied is shown in Fig. 1 . We assume an axisymmetric cylindrical geometry with center of symmetry at r ¼ 0 (z-axis). The bulk plasma region of width D ¼ 2.4 cm is surrounded by a sheath region with a nominal width of s 0 ¼ 3 mm. The electrode spacing and radius are L ¼ D þ 2s 0 ¼ 3 cm and R ¼ 10 cm, respectively. We use the argon cross section set compiled by Vahedi and Surendra 31 to calculate the reaction rate coefficients assuming a Maxwellian electron energy distribution.
The simulation treats each region of the reactor as a dielectric slab. The free-space magnetic permeability l ¼ l 0 is assumed everywhere, while ¼ j 0 depends on the relative dielectric constant j of each region. The sheath relative dielectric constant j s is initially set to one but is calculated as a function of the local electric field and other plasma parameters, to keep s ¼ s 0 , a constant, as discussed in Refs. 8 and 29.
In the plasma region, the relative dielectric constant is
where x ¼ 2pf is the applied radian rf frequency and m is the electron-neutral momentum transfer collision frequency. Note that j p is complex with a dissipative imaginary component, so the plasma region is a lossy dielectric. In axisymmetric geometry, the capacitive fields E r , E z , and H / are in the transverse magnetic (TM) mode. In this case, the magnetic field is transverse to the axis of symmetry, while the electric field has components both parallel and transverse to the axis of symmetry. All the field components are proportional to e jxt . This eliminates the time-dependence from the field solve so that the time-independent Helmholtz equation can be used to solve for the fields, simplifying and speeding up the EM simulations, but at the cost of ignoring any nonlinearly generated harmonics.
The CCP is powered by applying an rf current of magnitude I rf across the electrodes. To determine the capacitive fields resulting from the applied current I rf , we solve the Helmholtz equation in the entire domain, using the following boundary conditions on the dependent variable Iðr; zÞ ¼ 2prH / :
FIG. 1. Geometry of the symmetrically driven capacitive discharge used in the 2D fluid-analytical simulations.
I ¼ 0 on center of symmetry; (6) n Á rI ¼ 0 on all conducting walls; (7)
Since I / r by definition, I must be zero at the center of symmetry. The second condition is equivalent to setting the tangential electric field at the conducting walls to zero. From Ampere's law, I(r) gives the total current flowing normal to the cross-sectional area enclosed by a loop of radius r. Thus, the third condition sets the total applied current in the discharge to I rf . For these simulations, we hold the power P e absorbed by the electrons to a fixed value, in order to keep the average electron density n at a fixed value. To simulate a system with a fixed P e ¼ P e0 , we solve for the EM fields and then calculate P e . If P e is not equal to P e0 , then we adjust I rf and repeat the EM solve until P e ¼ P e0 within a previously set relative tolerance level. The CCP simulations consisted of three basic parts: (1) a linear EM calculation which uses the timeindependent Helmholtz equation to solve for the capacitive fields in the linearized frequency domain; (2) an ambipolar, quasineutral bulk plasma calculation which solves the timedependent fluid equations for ion continuity and electron energy balance; and (3) an analytical sheath calculation which solves for the sheath parameters (i.e., sheath voltage, sheath width, and j s ). The total simulation time for the reactor is about 20 min on a moderate workstation with 2.7 GHz central processing unit (CPU) and 12 GB of memory.
B. 2D fluid-analytical simulation results
We present and discuss the simulation results for a 7.5 mTorr argon CCP reactor shown in Fig. 1 over the frequency range of f ¼ 55 to 100 MHz in 5 MHz intervals. The simulations assume the collisionless Child Law type sheath model derived in Ref. 32 , since it provides a self-consistent solution for a capacitive rf sheath in this low pressure, high frequency operating regime. The current source magnitude I rf is adjusted to keep P e % 5 W, resulting in an average electron density of about n % 3 Â 10 15 m
À3
. The discharge is driven symmetrically, and the simulation is started with symmetric initial conditions about the midplane at z ¼ 1.5 cm. For f ¼ 55, 60, and 65 MHz, the discharge reached a symmetrical steady state about the midplane. At f ¼ 70 and 75 MHz, the discharge did not reach a stable equilibrium but oscillated between symmetric and non-symmetric states. At f ¼ 80, 85, 90, and 95 MHz, the discharge reached a non-symmetric steady state, which was surprising for a symmetrically driven system starting with symmetric initial conditions. At f ¼ 100 MHz, the discharge did not reach a steady state and oscillated between symmetric and non-symmetric states, as in the f ¼ 70 and 75 MHz cases. Figure 2 shows the fluid simulation results versus r at f ¼ 60 MHz for (a) the electron density n at the midplane (dotted) and along the bottom (solid) and top (dashed) sheath edges, (b) the electron temperature T e along the bottom (solid) and top (dashed) sheath edges, (c) the rf sheath voltage amplitudes V sh , and (d) the time-averaged sheath widths s at the bottom (solid) and top (dashed) electrodes. As expected for a symmetrically driven CCP with symmetric initial conditions, all the diagnostics are symmetric about the midplane at z ¼ 1.5 cm, so that their values at the bottom (solid) and top (dashed) electrodes overlap. The sheath voltages are fairly uniform except for spiking near the corners of the discharge at the electrode edges (electrostatic edge effect 6 ). The sheath width variation closely follows that of the sheath voltage since the analytical sheath calculation assumes a Child Law relation s / V 3=4 sh . Except for the density profile which is due to radial diffusion, these diagnostics do not display any significant radial variations, indicating that the discharge frequency is below both its spatial resonances. The simulation results (not shown) at f ¼ 55 and 65 MHz are similar to those shown in Fig. 2 . From (4) and (3), for f ¼ 55-65 MHz, f a % 85-81 MHz and f s % 420-400 MHz. So, f < f a ( f s for these cases which reached symmetric steady states. Figure 3 shows the fluid simulation results versus r at f ¼ 80 MHz for the same diagnostics as shown in Fig. 2 . In this case, the sheath parameters V sh and s are non-symmetric about the midplane and show significant radial variations. In contrast, the bulk plasma parameters n and T e are mostly symmetric about the midplane due to the high discharge diffusivity at the low operating pressure of 7.5 mTorr. We note that the radius R i ðv 01 =v 11 ÞR % 6:3 cm represents a transition point for the sheath parameters, such that for r R i ; V shb V sht and s b s t , while for r > R i ; V shb > V sht and s b > s t . Here, we use the subscripts b and t to represent "bottom" and "top," respectively. From (4) and (3), for f ¼ 80-95 MHz, f a % 65-71 MHz and f s % 340-350 MHz, respectively. So, f a < f ( f s for the simulated cases which reached non-symmetric steady states. Since the gap between f and f a increases with increasing f, we expect the nonsymmetry in the diagnostics to decrease with increasing f. Fluid simulation results (not shown) at f ¼ 85, 90, and 95 MHz are similar to those shown in Fig. 3 , but with the non-symmetry decreasing with increasing f. Figure 4 shows the contour plots at (a) 60 MHz and (b) 80 MHz of Iðr; zÞ ¼ 2prH / , which give the total current flowing normal to the cross-sectional area enclosed by a loop of radius r. At f ¼ 60 MHz, I(r, z) is symmetric about the midplane, and except for a small fringing effect near the radial edges, all the current is in the axial (z) direction so that E r ( E z . Thus, for the symmetric steady states, the electron power due to the radial fields P r is negligible compared to the total electron power P e . For example, for the f ¼ 55, 60, and 65 MHz cases, where the discharge reached a symmetric steady state, P r =P e Շ 0:003. At f ¼ 80 MHz, I(r, z) is nonsymmetric about the midplane, and there are significant radial fields and currents. In this case, P r is non-negligible, and we found P r =P e % 0:38 for this case. For the other nonsymmetric steady-state cases at f ¼ 85, 90, and 95 MHz, we found that P r /P e ¼ 0.24, 0.13, and 0.032, respectively, confirming that the non-symmetry decreased with increasing frequency away from f a .
The axial fields E z at the bottom and top electrodes are aligned for the symmetric mode, while they are opposed for the anti-symmetric mode. We define E zs and E za as the axial sheath fields for the symmetric and anti-symmetric modes, respectively, while we define E zb and E zt as the sheath fields at the bottom and top electrodes, respectively. Then, E zb ¼ E zs þ E za and E zt ¼ E zs -E za , giving
In Fig. 5 which the discharge reaches a non-symmetric steady state, the axial sheath field has both symmetric and anti-symmetric mode components. For these cases, E za shows significant radial variations, while E zs is fairly uniform, indicating that f տ f a and f ( f s . The E za amplitude for the discharge is highest at f ¼ 80 MHz which is nearest to its anti-symmetric mode resonance frequency f a , and then decreases with increasing frequency. The proximity of the discharge to its first anti-symmetric mode resonance probably accounts for its instability at f ¼ 70 MHz. At f ¼ 100 MHz, the discharge is also unstable and unable to reach a steady state, which may be due to the discharge approaching its second antisymmetric mode resonance. These unstable cases will be discussed further below. For the cases with non-symmetric steady states, E za passes through zero and changes sign at r ¼ R i ðv 01 =v 11 ÞR % 6:3 cm, in agreement with Fig. 3 that r ¼ R i is a transition point for the discharge parameters. We also performed fluid simulations at P e ¼ 10 W which is twice the electron power of the fluid simulations discussed above. The electron densities were correspondingly about twice as high, and f a from the scaling in (4) was about ffiffi ffi 2 p higher. We found similar phenomena to that shown in Fig. 5 for P e ¼ 5 W but shifted to correspondingly higher frequencies. That is, a stable symmetric equilibrium existed below the first anti-symmetric resonance, with a non-symmetric equilibrium appearing correspondingly above this resonance.
III. LUMPED CIRCUIT DISCHARGE MODEL A. Circuit model description
The simulations indicate that r ¼ R i ðv 01 =v 11 ÞR % 6:3 cm is a transition point that divides the discharge into , and the edge region (R i < r < R, subscript e) has cross-sectional area A e ¼ pðR (b) regions. On this radial branch, the radial current i r ¼ i t -i b flows from the inner to the edge region of the discharge, giving rise to the inductance L r and resistance R r of the bulk plasma due to the radial fields. The vertical branches AB, BC, AD, and DC show the axial currents and circuit elements of the top inner (ti), bottom inner (bi), top edge (te), and bottom edge (be) regions, respectively. For each axial branch, the C's are the nonlinear sheath capacitances due to the axial fields, which depend nonlinearly on the rf current amplitude flowing through them. The L's and R's are the inductances and resistances of the bulk plasma due to the axial fields.
The lumped circuit model is in a Wheatstone Bridge 
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Let Z xy be the impedance of the corresponding circuit branch xy, where x ¼ t, b indicates top or bottom, while y ¼ i; e indicates inner or edge. Then, from the voltage divider rule, the circuit is balanced when the ratio of the impedances of the top and bottom branches of the inner region is equal to that of the edge region
For a discharge in a symmetric steady state, (11) is automatically satisfied with Z ti =Z bi ¼ Z te =Z be ¼ 1, so that i r and hence P r /P e are zero. In a non-symmetric steady state, the above balance condition is not satisfied, so that the radial current i r and hence P r /P e are non-zero. We calculate the circuit elements of each axial branch by modeling its sheath and bulk plasma regions as uniform dielectric slabs with the same cross-sectional area but differing thicknesses and dielectric constants. The details of the calculation are given in Appendix A, and here we just present the results. The sheath capacitances and bulk inductances are
respectively, where x ¼ t, b indicates top or bottom, y ¼ i, e indicates inner or edge, d D=2 is the half-width of the plasma bulk, and x py ¼ ðn y e 2 =ð 0 mÞÞ 1=2 is the electron plasma frequency in the inner (y ¼ i) or outer (y ¼ e) region. The corresponding impedances are Z Cxy ¼ Àj=ðxC xy Þ and Z Ly ¼ jxL y , respectively. The resistance of each bulk plasma slab is
where Tz is the axial effective collision frequency 1 that takes into account the electron heating in both the bulk plasma and the sheath due to the axial fields.
We calculate the circuit elements in the radial branch by modeling the edge region of the plasma as a dielectric between two concentric cylindrical layers with inner radius r in ¼ R i ¼ ðv 01 =v 11 ÞR and outer radius r out ¼ R. Again, the details of the calculation are given in Appendix A and here we just present the results. The inductance of the cylindrical plasma region is
The corresponding impedance is Z Lr ¼ jxL r . The resistance of the cylindrical plasma region is
where Tr is the radial effective collision frequency that takes into account the electron heating in both the edge and inner regions of the bulk plasma due to the radial fields. Figure 7 shows the fluid simulation results versus f that are used in the circuit model for Tz (circles), Tr (triangles), and m (squares), as well as their linear interpolations. Figure 8 shows the fluid simulations results versus applied frequency f for the magnitude of the impedances of the circuit elements in (a) the axial branches and (b) the radial branch. No results are shown for the unstable cases with f ¼ 70 and 75 MHz. From Fig. 8 , we see that in each branch the resistances are much smaller than the reactances. Thus, we can neglect the resistances when using Kirchhoff's Laws to solve for the currents and voltages of the circuit shown in Fig. 6 . In this case, in the sinusoidal steady state, applying Kirchhoff's Voltage Law (KVL) to the top and bottom loops of the circuit yields 
For the circuit model, i ti ¼ i t ; i bi ¼ i b ; i te ¼ I rf À i t , and i be ¼ I rf À i b . Applying the constraint that P e ¼ P e0 ¼ 5 W, as in the fluid simulations, we obtain
Thus, we have three nonlinear algebraic equations (17)- (19) to solve for the three unknowns i t , i b , and I rf . Since the fluid simulations assume a Child Law sheath, the sheath widths s xy of the sheath capacitances C xy in the KVL equations are non-linear functions of the currents as will be shown below in Appendix A.
B. Circuit model comparisons to simulations
We use the Matlab rootfinding program fsolve to obtain the equilibrium circuit solutions. This program requires the choice of some nearby initial conditions ("a good guess") in order to converge to an equilibrium solution, if it exists. Three types of initial conditions are used: (1) Figure 9 shows the fluid data (circles) and the circuit model results with s-ic (solid line), ns-ic (dashed line), and as-ic (dotted line) for (a) I rf , (b) V rf , (c) i r ¼ i t -i b , (d) P r /P e , and the sheath capacitances (e) C ti and (f) C te ; in (e) and (f), the fluid data (triangles) and the circuit model results for ns-ic (dotted-dashed line) are also shown for C bi and C be . The pure anti-symmetric equilibrium solution (star) for the circuit is also shown for each diagnostic. (Note that there is no stable anti-symmetric equilibrium in the fluid simulations.) The solutions on the sic (solid) line are all symmetric with i t ¼ i b , while the solutions on the ns-ic (dashed) line are non-symmetric from f % 66-92 MHz with the degree of non-symmetry decreasing with increasing f. The fluid data for f ¼ 55-65 MHz show good agreement with the symmetric circuit solutions, while those for f ¼ 80-90 MHz show good agreement with the nonsymmetric circuit solutions. The ns-ic line merges with the all symmetric solutions line for f > 92 MHz, while the fluid simulations still show a slightly non-symmetric steady-state at f ¼ 95 MHz. The solutions on the as-ic (dotted) line are non-symmetric and show the approach towards the pure antisymmetric (star) solution. Note that these solutions were found to be unstable in the fluid simulations. We also note that in the frequency interval f % 66-92 MHz for which the non-symmetric equilibria exist, the fluid simulations could not reach a symmetric equilibrium. The stability of the symmetric equilibria will be discussed further in Sec. III C.
The frequency f LC at which the inductance L r of the radial branch of the circuit is in resonance with the effective total capacitance of the axial branches of the circuit gives a more accurate measure of the anti-symmetric resonance frequency f a than Eq. (4). The effective capacitance C 0 xy of each axial branch can be found from
and the total capacitance of the axial branches is given by
Then, the anti-symmetric resonance frequency derived from the inductances and capacitances of the circuit is 
C. Symmetric equilibrium stability
The analysis of the stability of the discharge equilibria is complicated due to the essential role of the small resistive impedances and the time variation of the rf period-averaged charge hqi within the sheath. The stability analysis is also confounded at the higher frequencies by the increasing influence of the second anti-symmetric resonance mode.
In a purely linear passive circuit, there can be no instability, so the instability must be induced by the nonlinear dependence of the sheath capacitances on the charge. However, the timescale s for the sheath to charge and discharge is s % s=u B $ 1 ls, with u B ¼ ðeT e =MÞ 1=2 being the Bohm (ion loss) speed; this implies that s is much greater than the rf period. This ordering suggests that the dynamics of the rf period-averaged charge hqi plays an essential role in the stability analysis. In Appendix B, we introduce a simple "relaxation" form for this dynamics to examine the linear stability of the symmetric equilibrium. In addition, the relatively small reactive impedances of the axial plasma inductances (13) shown in Fig. 6 are neglected compared to the reactances of the corresponding nonlinear sheath capacitances. We obtain a cubic equation for the frequency p, with two high frequency and one low frequency roots. The high frequency roots are always stable. The real (solid) and imaginary (dashed) parts of the normalized low frequency root p/x are plotted in Fig. 11 . The symmetric equilibrium is unstable for Re(p/x) > 0. In agreement with the fluid simulations, the symmetric mode is stable for f < 67 MHz and loses stability over the frequency range f ¼ 67 to 91 MHz which corresponds almost exactly to that in which the non-symmetric equilibria exists, as seen in Fig. 9 . As shown in Appendix B, the instability is due to a combination of nonlinear and resistive effects. In this model, the symmetric equilibrium is restabilized above about 92 MHz. This is in contrast to the fluid simulations, which show a weakly unstable discharge above 95 MHz. One reason is that the second anti-symmetric resonance, which is neglected in the model, becomes significant in this higher range of frequencies, and as with the first resonance, disrupts the stability of the symmetric mode.
IV. CONCLUSIONS
Two radially propagating surface wave modes, symmetric and anti-symmetric, can exist in capacitively coupled plasma (CCP) discharges. In the former, the upper and lower axial sheath electric fields are aligned, while in the latter, they are opposed. At high frequencies, the radial wavelengths of these modes can be of the order of the plasma radius, leading to spatial resonances and standing wave effects. For a symmetric (equal electrode areas) CCP driven symmetrically, we expected to observe only the symmetric mode. However, when the drive frequency f is above or near an anti-symmetric spatial resonance, we find that both modes can exist in combination and lead to unexpected non-symmetric equilibria. We use a fast 2D axisymmetric fluid-analytical code to examine a symmetric CCP operated in the frequency range of 55-100 MHz at low pressure (7.5 mTorr) and low density ($3 Â 10 15 m
À3
). The frequency range encompassed the first anti-symmetric spatial resonance f a but was far below the first symmetric spatial resonance f s . At lower f, significantly below f a , we found that the symmetric CCP is in a stable symmetric equilibrium, as expected. Typical results at 60 MHz are given in Fig. 2 . At higher f, near or above f a , a non-symmetric equilibrium appears which can be stable or unstable. An example of a stable nonsymmetric equilibrium is given in Fig. 3 for f ¼ 80 MHz. A scan of frequencies between 55 and 100 MHz at 5 MHz intervals indicated stable symmetric equilibria at 55, 60, and 65 MHz, followed by an unstable frequency interval, and then stable non-symmetric equilibria at 80, 85, 90, and 95 MHz.
To understand these results, we developed a circuit model, shown in Fig. 6 , where the nonlinear axial sheath capacitances of the inner and edge regions are connected by a radial plasma inductance. The circuit is in the form of a Wheatstone bridge, which in the symmetric equilibrium has equal currents flowing in the top and bottom axial arms and zero current flowing in the radial arm. We calculated the circuit elements in Appendix A. Figure 8 , showing the magnitudes of the circuit element impedances, indicated that the resistances were small compared to the reactances and could be neglected in the Kirchhoff's Voltage Law equations (17) and (18) . We found good agreement between the fluid simulation and the circuit model for both equilibria. The model indicated that proximity to the anti-symmetric spatial resonance allows self-exciting of the anti-symmetric mode even in a symmetric system. This allows a combination of modes to exist, as observed by the non-symmetric equilibria.
We performed a linear analysis to understand the destabilization of the symmetric equilibria. In a purely linear circuit, there would be no instability, so the instability is induced by the nonlinear dependence of the sheath widths on the discharge currents and voltages. Both the fluid and circuit models assume the non-linear Child Law type sheath model derived in Ref. 32 , which gives a self-consistent solution for a capacitive rf sheath in the low pressure, high frequency regime of interest. The analysis, given in Appendix B, is complicated due to the essential roles of the sheath capacitance nonlinearities, the small resistive impedances, and the time variations of the rf period-averaged charge hqi within the sheath. We found that the symmetric mode is stable for frequencies below the anti-symmetric mode resonance and loses stability over the frequency range corresponding to the existence of the non-symmetric equilibria as seen in Fig. 9 . In contrast to the fluid simulations, which show a weakly unstable discharge for f > 95 MHz, the circuit model shows that the symmetric equilibrium is restabilized for f > 92 MHz. The second anti-symmetric resonance becomes significant at these higher frequencies and as with the first resonance may disrupt the stability of the symmetric mode. There may also be significant plasma density and temperature dynamics, neglected in the instability model. Future work could study the scaling of the symmetric and non-symmetric equilibria as the plasma density is increased. The effect of pressure on the equilibrium and stability can also be investigated. Both the fluid and circuit models assume azimuthal symmetry and neglect the angular or "theta" dependence of the discharge. We could extend the present study to 3D in order to examine if non-axisymmetric modes can also be excited near their spatial resonances.
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APPENDIX A: CALCULATION OF CIRCUIT ELEMENTS
We calculate the circuit elements for the nonlinear circuit model of Fig. 6 . The elements for each axial branch are found by modeling its sheath and bulk plasma regions as uniform dielectric slabs with the same cross-sectional area but differing thicknesses and dielectric constants. Then, the sheath capacitances are
where the subscript x ¼ t, b indicates top or bottom and the subscript y ¼ i, e indicates inner or edge. The capacitance of each bulk plasma slab is given by
where d D=2 is the half-width of the plasma bulk and
is the electron plasma frequency in the inner (y ¼ i) or edge (y ¼ e) region. We note that C y < 0 so that the corresponding impedance of this bulk plasma slab is given by
Thus, each bulk plasma slab acts as an inductor with inductance
The resistance of each bulk plasma slab is given by
where r zy ¼ 0 x 2 py = Tz is the axial dc plasma conductivity and Tz ¼ m þ sh is the axial effective collision frequency 1 that takes into account the electron heating in both the bulk plasma and the sheath due to the axial fields. Let P sh be the electron power due to the axial fields in the sheath, and let P bz be the electron power due to the axial fields in the bulk.
We calculate the circuit elements in the radial branch by modeling the edge region of the plasma as a dielectric between two concentric cylindrical layers with inner radius r in ¼ R i ¼ ðv 01 =v 11 ÞR and outer radius r out ¼ R. In this case, the capacitance and impedance of this cylindrical plasma region are given by
respectively. Thus, the cylindrical plasma region acts as an inductor with inductance
The resistance of the cylindrical plasma region is given by
where r r ¼ 0 x 2 p = Tr is the radial dc plasma conductivity and Tr is the radial effective collision frequency that takes into account the electron heating in both the edge and inner regions of the bulk plasma due to the radial fields. Let P bri be the electron power due to the radial fields in the inner region, and let P bre be the electron power due to the radial fields in the edge region. Then,
As in the fluid simulations, the sheath widths are given by s xy ¼ s 0y þ s 1xy , where s 0y ¼ 2:61k Dy is the minimum sheath width and s 1xy depends nonlinearly on the rf periodaveraged charge in the sheath through the Child Law. Here, k Dy ¼ ð 0 T e =ðeh l n y ÞÞ 1=2 is the Debye length at the sheath edge with h l being the axial edge-to-center density ratio. We use h l ¼ 0.84 in the model since h l % 0.84 in the fluid results over the entire simulated frequency range of f ¼ 55 to 100 MHz. Then, the sheath capacitances are 
Here, V xy is the rf voltage amplitude across the sheath, and
with u B ¼ ðeT e =MÞ 1=2 being the Bohm speed, and M being the ion mass. Introducing the rf period-averaged sheath charge hq xy i ¼ C CL;xy V xy and substituting (A13) into (A12), we obtain the charge in terms of the voltage as
Using this, we can express the Child Law sheath capacitance (A12) in terms of hq xy i. Adding the series vacuum capacitance, we obtain the total inverse capacitance D xy of each sheath
In the sinusoidal steady state, hq xy i ¼ i xy =x, with i xy being the sheath current amplitude.
APPENDIX B: SYMMETRIC EQUILIBRIUM STABILITY CALCULATION
The discharge equilibrium and stability in the model are determined by applying the time-varying Kirchhoff's Voltage Law around the top and bottom loops in Fig. 6 . Neglecting the small bulk plasma inductances (13), we obtain the two loop equations
with dq t =dt ¼ i t ; dq b =dt ¼ i b , and dq rf =dt ¼ I rf . From (A16), the inverse capacitances in (B1) and (B2) depend nonlinearly (cubically) on the rf time-averaged sheath charges as
To investigate the stability of the symmetric equilibrium in the model, we introduce a simple relaxation form for the rf period-averaged sheath charge dynamics
with q and hqi being the sheath charge and its rf periodaverage, and s being the characteristic timescale for the charge variation. For the symmetric equilibrium, the top and bottom equilibrium quantities are identical, e.g., the zero order charges are q t0 ¼ q b0 ¼ q 0 , the zero order inverse capacitances are D ti0 ¼ D bi0 ¼ D i0 , etc. We linearize the loop equations (B1) and (B2), along with (B5), by assuming q ¼ Re½ðq 0 þ q 1 e pt Þe jxt , with q 1 ( q 0 , obtaining 
We introduce the symmetric and anti-symmetric perturbations
with the inverse relations
Adding and subtracting (B6) and (B7) and using (B8) and (B11), we obtain the equations for the symmetric and antisymmetric perturbations perturbation q s1 in (B12) is always stable. Equation (B13) gives the stability condition for the anti-symmetric perturbation
We use the sheath response time
in (B14), given as the quotient of an average sheath width and the Bohm (ion loss) speed, with s $ 1 ls. The results are insensitive to the choice of s for xs ) 1. Introducing the equilibrium currents in place of the equilibrium charges using i 0 ¼ q 0 =jx and i rf0 ¼ q rf0 =x in (B14), we have from (B3) that
The destabilization term is given similarly as 
Equation (B14) is a cubic equation in p with two high frequency and one low frequency roots. The symmetric equilibrium is unstable for Re(p) > 0. The high frequency roots are always stable. The real and imaginary parts of the low frequency root are plotted in Fig. 11 and show instability over the frequency range where the non-symmetric equilibrium exists as seen in Fig. 9 . A good approximation for the low frequency root is found from the linear and constant terms of the cubic equation
which gives instability for
We see that both nonlinearity and resistive effects are required to destabilize the symmetric equilibrium.
